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ABSTRACT
We consider the fundamental problem of charged particles moving along and around
a curved magnetic field line, revising the synchro-curvature radiation formulae intro-
duced by Cheng & Zhang (1996). We provide more compact expressions to evaluate
the spectrum emitted by a single particle, identifying the key parameter that con-
trols the transition between the curvature-dominated and the synchrotron-dominated
regime. This parameter depends on the local radius of curvature of the magnetic field
line, the gyration radius, and the pitch angle. We numerically solve the equations of
motion for the emitting particle by considering self-consistently the radiative losses,
and provide the radiated spectrum produced by a particle when an electric accelera-
tion is balanced by its radiative losses, as it is assumed to happen in the outer gaps of
pulsar’s magnetospheres. We compute the average spectrum radiated throughout the
particle trajectory finding that the slope of the spectrum before the peak depends on
the location and size of the emission region. We show how this effect could then lead to
a variety of synchro-curvature spectra. Our results reinforce the idea that the purely
synchrotron or curvature losses are, in general, inadequate to describe the radiative
reaction on the particle motion, and the spectrum of emitted photons. Finally, we
discuss the applicability of these calculations to different astrophysical scenarios.
Key words: radiation mechanisms: non-thermal – gamma-rays: stars – stars: pulsars:
general
1 INTRODUCTION
The motion of charged particles embedded in electric and
magnetic fields, ~E and ~B, is a fundamental problem which is
involved in many different astrophysical scenarios. Analytic
solutions to the equations of motion can be found in a few
special cases: uniform ~E and ~B, with ~E ‖ ~B or ~E ⊥ ~B
(see Chap. 12 of Jackson 1991). In a uniform magnetic field,
~B, and zero electric field, ~E = 0, the motion of charged
particles is helicoidal, with constant velocity v‖ along bˆ (the
direction of ~B), and spiraling around the magnetic field line
with cyclotron pulsation, which, in the observer frame, is
given by
ωB =
|q|B
Γmc
, (1)
where Γ ≡ (1 − β2)−1/2 is the relativistic Lorentz factor,
β = v/c, v is the velocity of the particle, q its charge (mul-
tiple of the elementary charge e), and c is the speed of light.
In the non-relativistic case, Γ ≃ 1, the cyclotron pulsation
is independent on the energy of the particle. Particles with
larger perpendicular velocities, v⊥, will spiral around mag-
netic field lines with a larger Larmor radius (or gyro-radius),
defined as:
rgyr =
Γv⊥mc
|q|B =
Γβ sinαmc2
|q|B , (2)
where the pitch angle α is defined as the angle between ~B
and ~v. For an electron, the cyclotron pulsation and the gyro-
radius are given by
ωB ≃ 1.76
(
B12
Γ
)
× 1019 s−1 = 11.6 B12
~Γ
keV , (3)
rgyr =
mc2βΓ sinα
eB
≃
(
βΓ7 sinα
B6
)
1.7× 104cm , (4)
where, hereafter, we will use the notation Ax = A/10
x, with
A in cgs units.
Classical electrodynamics ignores the quantum Landau
levels. Thus. it works when the energy associated with the
perpendicular motion is much larger than the minimum Lan-
dau level, or, i.e., when rgyr is much larger than the electron
Compton length-scale λC ≡ h/mec = 2.4× 10−12 cm.
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In astrophysics, there are many scenarios where parti-
cles can be accelerated up to ultra-relativistic velocities and
move in a magnetized environment: radiative losses due to
the acceleration are very important, especially if the motion
of the particle is curved (Jackson 1991). One can consider
two simple kinds of circular motion: sliding along a curved
magnetic field line, with radius of curvature rc, and gyration
around a straight magnetic field line. For the former, the en-
ergy losses by curvature radiation are (in gaussian units)
Pc =
2
3
(Ze)2cΓ4
r2c
. (5)
When the gyration is considered, we obtain the synchrotron
radiation power:
Psync =
2
3
(Ze)4B2(Γ2 − 1) sin2 α
m2c3
. (6)
Synchrotron and curvature radiation are the main candi-
dates to explain the high-energy photons detected in differ-
ent astrophysical scenarios, such as γ-ray pulsars. For the
latter, much effort has been devoted to develop gap mod-
els that account for the observed radiation (e.g., Sturrock
1971; Ruderman & Sutherland 1975; Arons & Scharlemann
1979; Arons 1983; Cheng et al. 1986; Daugherty & Harding
1996; Muslimov & Harding 2003). However, in general, par-
ticles in the gap are electrically accelerated along the
magnetic field lines, but, at the same time, they spi-
ral around them. In this sense, one has to worry about
a careful evaluation of the particle dynamics. This led
Cheng & Zhang (1996) to first propose a fully consistent
formulation of the synchro-curvature radiation, later studied
also by Zhang et al. (2000). Kelner & Aharonian (2012) and
Prosekin et al. (2013) accurately calculate the dynamics and
synchro-curvature radiation (labeled as ’magnetic bremm-
strahlung’) produced by particles moving in a dipolar mag-
netic field, and discuss the black hole magnetospheres and
the pulsar gaps as applications of the formulae. Zhang & Dai
(2011) evaluate the self-synchro-curvature Compton radia-
tion, evaluating its impact in different astrophysical scenar-
ios, like AGNs and GRBs. However, in general, the synchro-
curvature radiation is overlooked, in favour of a purely syn-
chrotron radiation.
In this work we aim at revising these calculations, find-
ing an equivalent, more compact way to calculate the ra-
diative losses. While the formulation is formally equivalent
to the original work by Cheng & Zhang (1996), our nota-
tion allows the identification of a key parameter, related
to the radius of curvature of the line, the magnetic field
and the pitch angle. Such parameter regulates the tran-
sition from the curvature-dominated to the synchrotron-
dominated regimes, and allows us to assess whether a purely
synchrotron or curvature formulae approximates well the ra-
diative losses.
In §2 we revise the formulae for the synchro-curvature
losses, writing them in a much more compact form and iden-
tifying the above-mentioned parameter. In §3 we solve the
equations of motion considering radiative losses in a self-
consistent way, and in §4 we show the spectra emitted by
the particles along their trajectories. In §5 we comment on
our results and discuss the possible applications, beyond the
obvious case of the outer gap for pulsars.
2 COMPACT FORMULAE FOR
SYNCHRO-CURVATURE LOSSES
Cheng & Zhang (1996) consider the synchro-curvature ra-
diation, i.e., the radiation emitted by a particle spiraling
around a circular magnetic field line with radius of curva-
ture rc and magnetic field intensity B. Their calculations
hold as long as rc ≫ rgyr, and rc changes on length-scales
much larger than rgyr. These assumptions are safe in the
outer pulsar magnetosphere, since rc is of the order of the
light cylinder (rc ∼ cP/2π ∼ 107 − 109 cm).
Cheng & Zhang (1996) obtain that particles emit pho-
tons with a characteristic energy
Ec(Γ, rc, rgyr, α) =
3
2
~cQ2Γ
3 . (7)
Here, the factor Q2 is defined by Cheng & Zhang (1996):
Q22 =
cos4 α
r2c
[
1 + 3ξ + ξ2 +
rgyr
rc
]
, (8)
where we have defined the synchro-curvature parameter
ξ =
rc
rgyr
sin2 α
cos2 α
≃ 5.9× 103 rc,8B6 sinα
Γ7 cos2 α
. (9)
Since rgyr ≪ rc by assumption, the last term in the right-
hand side of eq. (8) is always negligible compared with the
first three. Therefore, in order to compare the curvature and
synchrotron contributions, the fundamental parameter to
consider is ξ. Note that the ratio between the purely curva-
ture and synchrotron powers, eqs. (5) and (6), is (for Γ≫ 1)
Pc
Psync
= ξ2
cos2 α
sin2 α
=
ξ2
tan2 α
. (10)
The power radiated by one particle per unit energy is
(Cheng & Zhang 1996):
dPsc
dE
=
√
3(Ze)2Γy
4π~reff
[(1 + z)F (y)− (1− z)K2/3(y)] , (11)
where
y(E,Γ, rc, rgyr, α) ≡ E
Ec
, (12)
z = (Q2reff)
−2 , (13)
F (y) =
∫ ∞
y
K5/3(y
′)dy′ , (14)
and Kn are the modified Bessel functions of the second kind
of index n. We have defined the effective radius as:
reff =
rc
cos2 α
(
1 + ξ +
rgyr
rc
)−1
. (15)
In the top panel of Fig. 1, we show the ratio between the two
terms appearing on the right-hand side of eq. (11), for differ-
ent values of y. The second term ∝ K2/3 is negligible, unless
ξ ∼ 1 and y & 1, for which its value represents a ∼ 10% of
the first term. For larger values of y, this weight increases,
but the fraction of photons with such large energies is small.
The total power radiated by one particle can be found
by integrating eq. (11) in energy (Cheng & Zhang 1996):
Psc =
2(Ze)2Γ4c
3r2c
gr , (16)
where we have introduced the synchro-curvature correction
factor
c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. Synchro-curvature parameters as a function of ξ, for
Γ = 107, rgyr = 1 cm and rc = 108 cm. Top: ratio between the
terms of the r.h.s. of eq. (11), (1 − z)K2/3(y)/(1 + z)F (y), for
three different values of y = E/Ec, with Γ = 107, rgyr = 1 cm
and rc = 108 cm. Middle: values of Q
−1
2 , reff and Ec. We indicate
the regimes of curvature and synchrotron domination, and the
grey band indicates the region of transition. Bottom: the factor
gr = Psc/Pc, compared with two analytical fits: 1 + 1.68ξ + ξ2
and 1 + ξ2.
gr =
r2c
r2eff
[1 + 7(reffQ2)
−2]
8(Q2reff)−1
, (17)
which takes into account the deviation from the curvature
power, eq. (5).
Note that our eqs. (8), (15), (11) and (16) are equiva-
lent to eqs. (3.6), (3.27), (3.32), and (3.35), respectively, of
Cheng & Zhang (1996). However, our formulation is more
compact and allows a quick evaluation of whether we are in
either the purely curvature or synchrotron limits.1
If ξ ≪ 1, then gr = 1 and the curvature radiation dom-
inates, and eq. (5) is recovered, since the following limits
hold:
lim
ξ≪1
Q2 =
1
rc
, (18)
lim
ξ≪1
reff = rc , (19)
lim
ξ≪1
gr = 1 , (20)
lim
ξ≪1
Ec = Ecurv(Γ, rc) =
3
2
~c
rc
Γ3 , (21)
lim
ξ≪1
Psc = Pc . (22)
Note that such limits correspond to very small values of
α ≪ 10−4Γ7/B6rc,8, i.e., for a motion mainly consisting in
a sliding of particles along the magnetic field line.
On the other hand, if ξ ≫ 1, then synchrotron losses
dominate, and eq. (16) reduces to eq. (6):
lim
ξ≫1
Q2 =
ξ
rc
=
sin2 α
rgyr
=
eB sinα
Γmc2
, (23)
lim
ξ≫1
reff =
rgyr
sin2 α
=
mc2Γ
eB sinα
, (24)
lim
ξ≫1
gr = r
2
c
(
eB sinα
mc2Γ
)2
, (25)
lim
ξ≫1
Ec = Esync(Γ, α,B) =
3
2
Γ2
~eB sinα
mc
, (26)
lim
ξ≫1
Psc = Psync . (27)
In the middle panel of Fig. 1 we show the calculated values of
(Q2)
−1, reff and Ec as a function of ξ, for Γ = 10
7, rgyr = 1
cm (implying sinα/B6 ≃ 6× 10−5, eq. 4), and rc = 108 cm.
The value of z ≡ (Q2reff)−2 is always z 6 1, and in both
limits ξ ≪ 1 or ξ ≫ 1, z → 1. For ξ = 1, if cosα → 0 and
rgyr ≪ rc, then z = 0.8. The region of transition between
the two limits spans roughly two orders of magnitude in ξ
(grey band).
In the bottom panel we show the factor gr = Psc/Pc as
a function of ξ, for the same sets of parameters. We overplot
two analytical approximations: 1 + ξ2 and 1 + 1.68ξ + ξ2.
The former represents the simple approximation Psc =
Pc + Psync, and it is accurate only within a factor of a few
if ξ ∼ 1. The second form is the best parabolic fit, which
1 The equivalence can be proven by substituting the ex-
plicit expressions gr and ξ in our formalism. In particular,
Cheng & Zhang (1996) define reff = c
2/[(rgyr + rc)Ω20 + rgyrω
2
B ],
where they introduce the effective frequency Ω0 = c cosα/rc. To
simplify their eq. (3.35), we have evaluated the Gamma func-
tions: Γ(7/3)Γ(2/3) = 8pi/35/2 and Γ(4/3)/Γ(7/3) = 3/4 since
Γ(n) ≡ n! by definition. In the same equation, there is a mis-
print: rc should be substituted by reff (r
⋆
c in their notation).
c© 0000 RAS, MNRAS 000, 000–000
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Table 1. Assumed parameters for the calculation of particle dy-
namics (see Fig. 2).
Model E‖ B rc Γin
[V/m] [G] [cm]
A 107 106 108 103
B 108 106 108 103
C 107 108 108 103
D 107 106 108 102
E 107 106 107 103
reproduces the exact values within . 0.3%. Note that this
analytical approximation would be slightly worse for non-
negligible values of sinα. On the other hand, all the results
shown in Fig. 1 are valid for any value of Γ and rgyr, as
far as rgyr ≪ rc, which is an assumption in the work of
Cheng & Zhang 1996 to derive the synchro-curvature for-
mulae.
Last, we remark that the expression (16) represents the
emitted power integrated over the solid angle. However, we
remind that the radiation is beamed within a cone charac-
terized by a semi-aperture θc, which is approximately given
by (see, e.g., Chapter 14 of Jackson 1991)
θc =
1
Γ
(
2Ec
E
)1/3
forE ≪ Ec (28)
θc =
1
Γ
(
2Ec
3E
)1/2
forE ≫ Ec , (29)
where Ec ∝ Γ3, eq. (7). This has strong implications for the
dependence of spectra on the viewing angle. For a given Γ,
photons with higher energies will be emitted within a smaller
beam. At the peak of the spectrum, E ∼ Ec, Eqs. (28) and
(29) tell us that the larger Γ, the narrower the beam. As a
consequence, an off-axis observer will detect a softer radia-
tion, compared with the on-axis observer, for two reasons:
the larger ratio between soft and hard photon fluxes; more
radiation coming from low-Γ particles, which peaks at lower
Ec. On top of that, the geometry of the magnetic field lines
and the viewing angles will play a dominant role, selecting
those parts of the particle trajectories where the detected
radiation is originated.
3 PARTICLES MOTION
Let us now suppose that a particle is subject to an elec-
tric field E‖, directed along bˆ, i.e., tangential to the mag-
netic field line. As we deal with relativistic particles only,
their velocity remains constant (v = c) so that the elec-
tric force in only used to increase the energy, with no ef-
fect on the velocity. Therefore, there is almost no paral-
lel acceleration dv/dt, hence no associated reaction force.
The radiation emitted in the direction of motion, pˆ, im-
plies a reaction force ~Frad = (Psc/v) pˆ. This is a good
approximation in the pulsar gaps, where these two forces
are much stronger than the gravitational and hydrodynam-
ical ones. The equation for the particle relativistic momen-
tum, ~p ≡ √Γ2 − 1mc pˆ = Γmv pˆ, is related to the synchro-
curvature power, eq. (16), by:
Figure 2. Evolution of Γ (top), sinα (middle) and ξ (bottom),
for a charged particle with qE‖ > 0, as a function of the distance
along a magnetic field line (normalized by rc, and where the origin
is the place of particle creation), for the models of Table 1. We
assume an initial pitch angle αin = pi/4.
c© 0000 RAS, MNRAS 000, 000–000
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Figure 3. Early evolution of Γ (top), sinα (middle) and position
(bottom), for a positive (blue) or negative (red) value of qE‖, as
a function of the time since particle creation, for the model A of
Table 1. We assume an initial pitch angle αin = pi/4.
d~p
dt
= ZeE‖bˆ− Psc
v
pˆ . (30)
Decomposing the motion into parallel (p‖ = p cosα) and
perpendicular components (p⊥ = p sinα), we obtain:
2
d(p sinα)
dt
= −Psc sinα
v
, (31)
d(p cosα)
dt
= ZeE‖ − Psc cosα
v
. (32)
Let us consider electrons and positrons that are created by
pair production (like in the outer gap), so that they have
an initial energy Ein = Γinmc
2 that depends on the γ-ray
photon energy:
Γin ∼ Eγ
2mec2
≃ 103Eγ [GeV] . (33)
The pitch angle at birth, αin, depends, in general, on the tra-
jectories and energies of the progenitor photons, their mean
free path and the local curvature of magnetic field lines. In
general, one can expect αin ∼ O(1) (see, e.g., Takata et al.
2006), which implies ξin ≫ 1. In Table 1 we show five sets
of values for the model parameters E‖, B, rc,Γin. For all of
them, we fix the initial pitch angle to αin = π/4.
In Fig. 2 we show the results of the numerical integra-
tion of eqs. (31) and (32), for a particle with qE‖ > 0, and
the initial parallel velocity directed as the electric force, and
initial pitch angle αin = π/4. We show the evolution of Γ
(top panel), sinα (middle), and ξ (bottom), as a function of
covered distance (normalized by rc). The dynamical evolu-
tion can be divided in three phases: the short synchrotron-
dominated regime, the linear growth of Γ, and the saturation
regime.
In Fig. 3 we show what happens in the initial (short)
phase, for particles of different sign, using model A as an
example. The chosen values of E‖ (typical of the outer gap
models) are large enough to quickly separate pairs of particle
of different sign, and accelerate the electron and the positron
towards opposite directions of the magnetic field line (see
also Hirotani & Shibata 1999). The typical length-scale for
charge separation is
xsep ∼ c p
eE‖
∼ cΓincme
eE‖
= 5× 103
(
Γin,3
E7
)
cm , (34)
where E7 = E‖/(10
7 V/m). Since ξin ≫ 1, soon after the
pair creation, the losses are dominated by an efficient, purely
synchrotron radiation. If qE‖ < 0, then the particle reverts
its motion, which means that the value of sinα rises to 1, to
decrease later.
During this phase, if ξ is large enough (e.g., due to
strong B, as in model C of Fig. 2), then Γ temporarily dimin-
ishes even if qE‖ > 0. The timescale of synchrotron losses
can be estimated from the ratio between the total energy of
the particle and the synchrotron power:
tsync ∼ 3m
3
ec
5
2e4B2 sin2 αinΓin
∼ 5× 10
−7
B26Γin,3 sin
2 αin
s . (35)
In the second phase, for x & xsep, the evolution of Γ and ξ
shown in Fig. 2 is driven by the kinetic energy provided by
the very large E‖: the trajectories are specular (if rc, E‖, B
2 Eqs. (31) and (32) are a generalization of eqs. (56) and (57) of
Hirotani & Shibata (1999), where they consider Psc = Psync.
c© 0000 RAS, MNRAS 000, 000–000
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are constant), and what follows holds independently from
the sign of the charge. As Γ increases linearly under the elec-
tric acceleration, sinα and ξ decrease linearly and quadrat-
ically, respectively. When the value of ξ goes below 1, i.e.,
reff → rc and gr → 1, the losses are dominated by the cur-
vature radiation and particles are basically directed along
~B.
The linear growth of Γ halts when the synchro-
curvature radiation reaction is effective enough to balance
the power given by the electric acceleration. At the same
time, the perpendicular motion has been largely dissipated,
so that sinα ≪ 1. In this saturation regime, eq. (32) (and
use also of eq. (5)) predicts that the asymptotic value of Γ
is given by
Γst =
(
3
2
E‖,str
2
c
e
)1/4
≃ 1.01 × 107(E7r2c,8)1/4 . (36)
The larger E‖,st and/or the larger r
2
c (less efficient radiative
losses), the larger Γst. Once Γ→ Γst and cosα→ 1, eq. (32)
shows that p cosα ∼ p approaches a constant value, and,
consequently, Psc/v → eE‖. Substituting this in eq. (31),
this implies that the pitch angle decays exponentially, as
seen in the middle panel:
sinα ∼ exp (−eE‖t/Γstmec) . (37)
As a consequence, particles will lie on the fundamental Lan-
dau level, and ξ → 0 (curvature radiation limit).3
The timescale needed to reach the saturated value is
tst ∼ Γstcme
eE‖,st
= 1.7
(
Γst,7
E7
)
ms ≃ 1.7 r
1/2
c,8
E
3/4
7
ms , (38)
where we are considering ultra-relativistic motion, v‖ ∼ c.
This corresponds to a distance xst ≃ ctst
xst ∼ 5.2× 107
(
Γst,7
E7
)
cm ∼ 5.2× 107 r
1/2
c,8
g
1/4
r E
3/4
7
cm .(39)
If E‖ is strong (∼ 108 V/m, model B), then the distance xst
needed by the electric acceleration to bring Γ to the steady-
state value is only a fraction of rc. However, if E‖ ∼ 107
V/m, then xst ∼ rc.
Note that the evolution of Γ for the models A, C and
D converge, soon after the synchrotron-dominated phase.
Model B reaches larger Γ due to the stronger E‖, while the
high radiative efficiency of model E (low rc) provides a rel-
atively low saturated value Γst. The timescales which sepa-
rate the three phases are in agreement with the analytical
estimates above.
4 SYNCHRO-CURVATURE SPECTRA
The spectral energy distribution of photons emitted by a
single particle is given by eq. (11):
dPsc
dE
=
√
3e2ΓE
4π~reffEc
[(1 + z)F (y)− (1− z)K2/3(y)] , (40)
3 This contrasts with the choice of B,P -dependent, finite, steady-
state value of sinα by Zhang & Cheng (1997) when studying
outer gap applications. See the Appendix.
where we employ the factors given by eqs. (7), (8), (15), (17),
(9) and (4). Note that, for E ≪ Ec, then E2dN/dE ∝ E1.25,
because, in that regime, F (y) ∼ y−0.75. Below, we explore
the dependence of the spectrum on the particle position, and
compute the spectrum integrated along the trajectory.
We have just proven that at the beginning of the tra-
jectory, ξ is large, the Lorentz factor is relatively low, and
the spectrum peaks at low energies. As Γ grows under the
electric acceleration, and, at the same time, the perpendic-
ular momentum is dissipated, the spectrum approaches the
purely curvature formula, and the spectrum peaks at higher
energies.
In order to calculate the average spectrum radiated
throughout the trajectory, we consider the spectra emitted
at a grid of distances from zero (the place of particle injec-
tion) up to a maximum value xmax. In all cases, we check
that the spatial resolution was large enough to ensure nu-
merical convergence. We want to explore the effects of giving
more relevance to the high-ξ parts of the trajectory. For this
purpose, we calculate the average spectra as
dPgap
dE
=
∫ xmax
0
dPsc
dE
w(x)dx , (41)
where w(x) is the relative weight of the contributions from
different positions. We explore a uniform weight, w(x) =
1/xmax, and an exponential distribution (normalized to give∫ xmax
0
w(x)dx = 1):
w(x) =
e−x/x0
x0(1− e−xmax/x0) . (42)
Below we set three different values of x0 = 0.5, 0.2, 0.1 rc.
In the context of the outer gap, the different weights or the
different xmax considered here could be qualitatively inter-
preted as the net effect of beaming effects, mentioned in §2.
Eqs. (28) and (29) tell us that the beaming of the radiation
covers a solid angle ∼ 1/Γ2.
First, depending on the viewing angle, the detectable
radiation may be originated only along a part of the trajec-
tory of the particles. In particular, the relatively small beam
of the radiation coming from low-Γ particles are more likely
to be detected, unless the axis of the beam exactly matches
the observer direction. Second, the solid angle is larger for
the softer photons, giving a net softening effect for off-axis
observer.
A third possible effect is that particles that reverse its
motion due to the sign of its charge are subject to strong
synchrotron losses due to the necessary large perpendicular
moment. These may be subdominant to the other effects but
will sum up to a possible increase of the weight of the more
internal regions.
We remark that all these effects are hardly quantifi-
cable without detailed multidimensional numerical simula-
tions including particle dynamics, geometry and beaming
effects. However, we can qualitatively infer the combina-
tion of such effects would produce a systematically larger
weight in the inner parts. The proposed functional form of
the parametrization of the weight, Eq. (42), is not quanti-
tatively justified and is only one of the possible arbitrary,
phenomenological choices to effectively consider such possi-
ble beaming effects.
In Fig. 4 we show the spectra for the models A (top
left, with xmax = rc; top right, with xmax = 0.3rc), B
c© 0000 RAS, MNRAS 000, 000–000
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Figure 4. Synchro-curvature spectra given by a single particle, for models A (top, left with xmax = rc, right with xmax = 0.5rc), B
(bottom left, xmax = 1), E (bottom right, xmax = 1). The dashed, dot-dashed, triple dot-dashed, and long-dashed lines represent the
spectrum at a distance x = 0.01, 0.1, 0.5, 1 rc, respectively. The solid lines represent the average spectra, weighted either uniformly, or
with an exponential distribution with different widths (see text, values of x0/rc are indicated in the legend).
(bottom left, with xmax = rc) and E (bottom right, with
xmax = rc). The dashed, dot-dashed, triple dot-dashed,
and long-dashed lines represent the spectrum at a distance
x = 0.01, 0.1, 0.5, 1 rc, respectively. The solid lines represent
the uniform and weighted average spectra. At high energy,
the total spectrum is well approximated by the curvature
radiation emitted when sinα≪ 1 and Γ = Γst. At lower en-
ergies, if the relative weight of the synchrotron-dominated
emission is large enough, then the total spectrum can peak
at lower energies than the curvature radiation spectra. As
a consequence, the slope of the spectrum before the peak
depends on the relative weight, the value of xmax, and the
model parameters. The smaller xmax, the lower the peak of
the spectrum, and the larger the relative weight of the high-
ξ parts of the trajectory. This effect could then lead to a
variety of synchro-curvature spectra.
In model A with a smaller value of xmax, and in model E,
the spectra peak at lower energies because of the lower values
of Γ. In the case of very strong electric field, a large value
of Γ is reached very fast, so that we always see a spectrum
compatible with a purely curvature one. Of course, these
models represent a trend, so that the combined variations
of all parameters can lead to very different slopes and energy
peaks.
5 ASTROPHYSICAL APPLICATIONS
Despite the fact that synchro-curvature radiation has been
mainly studied in the context of pulsar gaps, a variety of
applications could require such formalism. In Table 2, we
indicate some astrophysical scenarios, evaluating the char-
acteristic quantities with regards of synchro-curvature radi-
ation. The radius of curvature of the magnetic field is taken
to be of the order of the length-scale of the system. This is
of course not true if the magnetic field is turbulent, or domi-
nated by small scale structure (like in GRBs). The magnetic
field can be measured directly, e.g. in galaxies, or indirectly,
e.g., in pulsars by the timing properties of the pulsar plus an
assumption on the location of the gap and the radial depen-
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Table 2. Synchro-curvature parameters for different astrophysical scenarios. The radius of curvature is assumed to be of the order of
the typical length-scale of the problem. Unknown values are marked by ??.
Lengthscale B sinα Γ References
Scenario [cm] [G]
Solar flares 107-1010 1-10 0.1? 1 Hudson & Ryan (1995)
Pulsar gaps 107-109 104-107 ≪ 1 107-108 Cheng et al. (1986)
Pulsar wind nebulae 1018-1020 10−6-10−5 ?? 104-106 Torres et al. (2014)
High Mass X-ray binaries 1010 1-10 ?? 102 Dubus (2013)
Transitional pulsars (propeller) 106-107 105-106 ?? 104 Papitto et al. (2014)
dence of the magnetic field, or, in PWNe, by the magnetic
energy required to explain the spectrum. The Lorentz fac-
tor is inferred from the modeling of the observed spectra,
assuming a dominant radiation mechanism from the multi-
wavelength spectrum. Thus, while rc and B can be indepen-
dently (roughly) estimated or inferred, the evaluation of Γ
and α are intrinsically related to the dynamical and radia-
tive assumed models, which depend on ξ.
Most of the astrophysical scenarios lie in the syn-
chrotron regime, which justifies neglecting curvature radi-
ation as an important mechanism. For instance, in the solar
flares, particles are non-relativistic, which makes ξ ≫ 1:
they emit weak, purely synchrotron radiation, which is de-
tected as non-thermal X-ray radiation. In pulsar wind nebu-
lae (PWNe), the inferred magnetic fields are of the order of
tens of µG (Torres et al. 2014), but the Lorentz factors are,
on average, lower than in the outer gap. Special conditions in
nebulae with non-uniform magnetic fields can greatly affect
this conclusion.
There is much uncertainty on the location where γ-rays
are produced in the case of the high-mass X-ray binaries
(HMXBs). One of the most promising mechanisms lies in the
pulsar wind / stellar wind shock. In such case, the inverse
Compton efficiently pushes the intense flux of low-energy
photons originated from the massive star, to provide the
high-energy part of the spectrum. Under this assumption,
the synchrotron emission dominates in X-rays, Γ ∼ 102, and
the curvature radiation contribution is negligible, if the ra-
dius of curvature is of the order of the typical length-scale,
∼ 1012 cm, and B ∼ 1 G (Dubus 2013). In the context
of low-mass transitional pulsars, the propeller model pro-
posed by Papitto et al. (2014) for XSS J12270-4859 provides
Γ ∼ 104, again assuming that the main mechanism of γ-ray
radiation is the inverse Compton scattering on the back-
ground photons emitted in the disk and the synchrotron
photons themselves.
6 CONCLUSIONS
In this work we have revised the well-known synchro-
curvature radiation formulae proposed by Cheng & Zhang
(1996). These formulae were initially derived in the context
of the outer gap model for γ-ray pulsars. However, the prob-
lem of synchro-curvature radiation is very general, applying
to any astrophysical scenario where particles are accelerated.
We have found a more compact formulation for the
sychro-curvature power, which relies on the parameter ξ,
which is related to the ratio between the Larmor and curva-
ture radii. An evaluation of the typical magnetic field, radius
of curvature, pitch angle, and Lorentz factor immediately al-
lows to quantitatively estimate whether the synchrotron or
the curvature radiation dominates, or if ξ is of the order
1, the whole synchro-curvature formalism should be consid-
ered. We reinforce the idea that the synchro-curvature ra-
diation affect the spectrum and the particle motion, in the
pulsar gaps.
We have numerically solved the particle dynamics for
assumed values of electric field, radius of curvature, and
magnetic field. We have explored the position-dependent,
single-particle spectra, as well as the average spectra. De-
pending on the model parameters and the assumed weight of
the different parts of the trajectories, the average spectrum
can deviate considerably from a purely curvature spectrum,
especially for the slope η before the peak (the low-energy
slope), E2dN/dE ∝ Eη. Since the synchro-curvature spec-
tra predicts η = 1.25 for a single particle at a specific posi-
tion, the low-energy slope in the average spectra is always
η 6 1.25, and can be as low as η ∼ 0 if most of the ra-
diation we detect comes from the initial, high-ξ part of the
trajectory. On the other hand, an exponential cut-off at high
energy is always predicted, as is due to the high-Γ particles.
The study of the low-energy slope is of particular inter-
est when comparing with the observed spectra (Abdo et al.
2013), which show 0 . η . 1.25. We argue that geometrical
effects (viewing angles) and/or inhomogeneous distribution
of the places of pair creation can qualitatively be reproduced
by a weighted spectrum, which can lead to the observed
range of low-energy slopes. A more detailed modeling of the
outer gap of pulsars, and the expected spectra, can be found
in Vigano` et al. (2014).
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Figure 5. Single particle synchro-curvature spectra (solid lines)
for model A at saturation regime, with fixed sinα = 10−3 (top)
and sinα = 10−4 (bottom). Dashed lines show, for comparison,
the purely curvature radiation. We indicate in each panel the
saturation values of Γ and ξ.
APPENDIX: SPECTRA FOR FIXED PITCH
ANGLE
Let us now suppose that sinα is fixed at some value, as
considered in the thick outer gap model by Zhang & Cheng
(1997). In that case, the particles will reach a saturation
value which is regulated by the synchro-curvature emission,
eq. (32), instead of purely curvature one. In this case, one has
to solve the system of equations reported altogether below:
Γ =
(
3
2
E‖r
2
c
egr
)1/4
, (43)
Ec =
3
2
~cQ2Γ
3 , (44)
rgyr =
mc2Γ sinα
eB
, (45)
ξ =
rc
rgyr
sin2 α
cos2 α
, (46)
Q2 =
cos2 α
rc
√
1 + 3ξ + ξ2 +
rgyr
rc
, (47)
reff =
rc
cos2 α
(
1 + ξ +
rgyr
rc
)−1
, (48)
gr =
r2c
r2eff
[1 + 7(reffQ2)
−2]
8(Q2reff)−1
. (49)
If we fix a set of values for B, rc, e,m, E‖, α, solving the sys-
tem of coupled non-linear equations (43)-(49) corresponds
to finding the fixed point of a function of Γ (which is triv-
ial only in the limits of curvature/synchrotron regimes), i.e.
Γ = f(Γ, B, rc, e,m,E‖, αin,Γin). We solve the system with
a simple fixed point iteration method: we start with an ini-
tial guess for Γ, which is used to evaluate eqs. (44)-(49).
The obtained value of gr is used to correct the value of Γ,
eq. (43). The iterative procedure is repeated until the values
of Γ numerically converge. We have verified that the same
set of values is recovered for a large range of initial guess val-
ues, Γg ∼ 104 − 109. In all cases, the numerical convergence
is achieved within maximum ∼ 10 cycles.
In Fig. 5 we show the synchro-curvature spectra for a
single particle, for model A, fixing sinα = 10−3 (top) or
sinα = 10−4 (bottom). The differences between the purely
curvature (dashes) and the synchro-curvature (solid lines)
increase with ξ. For large ξ, the loss of high energy photons
is compensated by a larger flux at lower energies. The slope
before and after the peak, however, does not change.
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